Abstract Granular materials display more abundant dissipation phenomena than ordinary materials. In this paper, a brief energy flow path with irreversible processes is illustrated, where the concept of granular temperature T g , initially proposed for dilute systems, is extended to dense systems in order to quantify disordered force chain configurations. Additionally, we develop the concept of conjugate granular entropy s g and its production equation. Our analyses find out that the granular entropy significantly undermined the elastic contact between particles, seriously affecting the transport coefficients in granular materials and creating new transport processes.
A granular material is a collection of a large number of discrete solid particles. If the material is dense, or if interstitial-fluid effects can be neglected, the particles will play the greatest role in transport processes within the material. Each particle will contact a limited number of neighbors and form so-called force chains, or granular skeletons, to establish a stable stress state. Around a contact point, the resultant finite deformability can only statically support longitudinal compression, allowing only small transverse loads to arise. If the loading changes, some particles will jiggle and slide, i.e. will briefly lose contact with one another, and a more appropriate and efficient set of force chains is instantly re-selected. Figure 1 shows an assembly of photoelastic particles being slightly penetrated.
1 While the penetration depth is only about 1% of the particle diameter, the force chain configurations change considerably from Fig. 1(a) to Fig. 1(b) . This variation would rapidly occur, causing the associated particles to slide and rotate so that the corresponding kinetic energy increases.
To understand such complicated mechanical properties, it is necessary to analyze the underlying physics that govern granular materials. It is possible to make preliminary observations about the role played by force chain clusters under different strains. Under small magnitude mechanical excitations, such as shearing, there is a range of strain over which the granular assembly is elastic; that is, the bulk deformation is recoverable. Inside the assembly, the displacement of particles relative to each other is so slight that the displacement around the contact points is elastic. Thus, the spatial structure of the force chain clusters is intrinsically recoverable, making the granular material behave like a solid. The underlying mechanism of granular plasticity is simple for low shear rates, consisting of topological events that rearrange particles; i.e. contacts opened and closed by relative sliding or rolling which leads to an irreversible evolution of force chain clusters. As the magnitude of shearing increases, the yield stress is reached. Fig. 1 . An assembly of photoelastic particles being penetrated to a depth of 1% of particle diameter, causing a change in force chain configuration from (a) to (b). (This photoelastic experiment was conducted at Tsinghua University.)
Beyond this point the irreversible plastic evolution of the force chain clusters continues indefinitely and the system begins to flow like a fluid. To bridge the macroscopic quantities (such as velocity, density, stress) with mesoscopic quantities (such as geometries of particles, contact forces, and force chain configurations, etc.), a multi-scale framework was proposed recently.
2
The energy flow scenario is briefly illustrated in Fig. 2 . The work performed on the system is partially dissipated into heat (corresponding to increased entropy density s, marked as 2 ), while the remaining work is stored in particles as both elastic and kinetic energy. In rapid flows at large shear rates, the motion of a particle is believed to be composed of a mean component and a random component, analogous to the thermal motion of molecules. The random component is known as the "granular temperature" T k ∼ u 2 , where u denotes the random velocity. The disordered kinetic energy w g is proportional to ρT k , where ρ is the bulk density of the granular flow. The concept of granular temperature or kinetic theory is still applied to dense granular gases in which no enduring contacts exist. The Enskog-Boltzmann equation has been used to obtain constitutive relations for moderately dense granular gases, which have been successfully applied even to "very dense" granular gases.
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From the characteristics of force chain clusters transition, we propose that the elastic energy can be further separated into ordered and disordered elastic energy. In a manner similar to T k , the fluctuations of elastic energy stored in the constituent particles of force chain clusters are defined as T e . Note that T e does not include the elastic energy fluctuations of rattlers, i.e. particles not engaged in the force network. One of criteria being a rattler is that its coordination number is smaller than (D + 1) where D is the system's dimension. For rattlers, we believe that the fluctuations in energies are caused by transient contacts, and further contribute to random motions of particles. i.e. the fluctuations in elastic energy of rattlers have already been included in T k . There are a few work trying to define T e , but they do not consider whether particles form force chains or act as rattlers. 4 It is the major difference between our definition and others. Thus, we introduce a new generalized "granular temperature" by
and T g is the conjugate of s g , such that T g ≡ ∂w/∂s g where w is the system's energy density.
In granular statics the grains are at rest, the granular skeleton is fixed, and all particles are still, thus, T g ≡ 0 at which the granular entropy reaches its minimum value. It is similar to absolute zero which is the theoretical temperature at which the entropy reaches its minimum value. In the classical interpretation it is zero and the thermal energy of matter vanishes. For granular materials, because of surface frictions and inelastic contacts between solid particles, the energy associated with the granular temperature T g in the process marked as 3 in Fig. 2 is always dissipated, and s g will quickly dissipate into s, s g → s. For example, computer simulations of spatially homogeneous systems of hard inelastic spheres show that the granular temperature decays with time as t −2 . To maintain T g , energy must be continually added into the disordered energy to balance the energy lost in dissipative collisions and surface frictions. Thus, we argue that granular media is transiently elastic; that is, the elastic stress relaxes toward zero with a given rate. It is this irreversible relaxation that is perceived as a plastic granular flow. Note that, for granular materials, the random velocities u are roughly proportional to the mean velocity gradient and consequently will be much smaller than the mean velocities of the particles. It is true that the clear definition of T g is not yet well derived for quasi-static deformations and slow flows. There remain many open problems regarding the extent to which the various temperatures fulfill similar functions as their molecular counterparts.
The average elastic energy is non-zero on the condition that the granular system possesses high density and endures elastic contact. Jiang and Liu proposed that
where u ij is the elastic strain,
Depending on the ratio of the elastic energy of the force chains to the disordered kinetic energy, i.e. w e /w g , granular material behavior may be classified into quasi-static deformations, slow flows or rapid flows. In other words, if w e /w g → 0, the flow would be a rapid flow, while once w e /w g is greater than a threshold value, the flow would be quasi-static. Intermediate values of w e /w g would result in slow flows.
Both thermodynamic and granular temperatures play similar roles in governing the behavior of their respective motions, since both generate pressures and govern the internal transport processes of mass, momentum, and energy throughout the field. In addition to knowing the mass density ρ, momentum density m i , and entropy density s to compose the full thermodynamic state variables required for granular materials, there are two additional parameters, elastic strain u ij and granular entropy s g , which are necessary. That is, the full state variable set is {ρ, s, m i , u ij , s g }, and the total derivative of energy w is expressed as
Entropy is a basic physical quantity that describes the intensity of the random motion of molecules. In general, the production of entropy s is written as
where sv k is the entropy flow accompanying mass flow v k and f k denotes entropy production due to other factors. According to thermodynamics, the production of entropy is usually expressed as the rate of production of heat per unit volume divided by temperature T , i.e. R/T with R ≥ 0. Granular entropy s g is one of the most confusing concepts in granular materials. When the interaction among particles is elastic and frictionless, i.e. no dissipation occurs, s g exhibits the same behavior as that of s. For inelastic and frictional interactions, the decay of s g is a unique process and the quantity I is proposed to describe the transformation of s g to s per unit time. This is denoted as IT g , which is added to the heat production rate R (see routine 3 in Fig. 2 ). Similarly for granular entropy, the local value of the granular temperature may be affected by its magnitude in neighboring areas. This is a conduction exactly analogous to the thermodynamic conduction in a gas, resulting in diffusion of granular temperature through the material. Like its thermodynamic counterpart, the granular temperature is conducted along its gradients in the direction of diminishing temperature. The production of s g can therefore be expressed as
where (s g v k − f g k ) is the granular entropy flow and f g k and R g /T g are "heat transfer" and "entropy increase" variables which satisfy the inequality of R g ≥ 0, I ≥ 0. Note that, for elastic and frictionless interactions, I = 0. The increase of R g only indicates that more disordered kinetic energy is being converted from ordered kinetic energy; there is no heat produced. As a result, the production rates R g and T g are equal to R and T , respectively.
Based on the maximum entropy principle and the total derivative of energy in Eq. (3), the thermodynamic equilibrium condition is obtained as
Once Eq. (6) is no longer satisfied, dissipative flows will occur in the three irreversible processes. Their contributions to the bulk thermodynamic entropy production rate R can be expressed as
where
are corresponding dissipative flows. Thus the Onsager reciprocal relations are written as
where the second-order tensors and fourth-order tensors have the following expressions
here, κ ik is the bulk heat conduction coefficient, which is related to the heat conduction coefficient of the constituent particles and the geometric characteristics of their configurations. η I ijlk is the viscosity coefficient due to the deformation of the constituent particles, not particle displacements. For plastic particles, η The corresponding granular entropy production rate R g is written as
and
where the coefficients κ g ik and η g ijlk represent the collective effect of "heat transfer" and "viscous transfer" due to random collisions among the particles. The crosscoefficient α ijlk describes the coupling between the dissipative process of viscosity and the elastic relaxation, while the negative sign is due to the definition of Onsager reciprocal relations. Other cross-coefficients are ignored. The dissipative flow Y i describes the plastic deformation due to the diffusion of voids in a granular system. Since voids in a granular system exhibit a spatial heterogeneity, localization problems (both in stress and strain) are related to Y i . Y ij was first introduced to define the elasticity of polymers, and is a strong dissipation which can lead to a large plastic deformation. For granular systems, Y ij is an important dissipative process which leads to the plastic deformation of granular flows as it provides the elastic relaxation.
All of the macroscopic physical quantities need to be clearly understood. Our preliminary considerations are:
• κ g ik is the conduction coefficient of the granular temperature T g . Obviously, it is related to particles motions and the geometric characteristics of their configurations. For rapid granular flows,
2ε ij , where ρ p and d are the density and diameter of the constituent particles, respectively. In slow flows η
. k 1 is related to the packing fraction φ, surface friction μ, and the restitution coefficient.
• β ik represents the irresistible deformation of particle positions due to local unbalancing stress. This process is usually related to stress fluctuations, e.g. the so-called stick and slip phenomena as clearly observed in experiments and numerical simulations.
• λ ijlk indicates the elasticity relaxation process. If the loading changes, i.e. more or less excitation by granular temperature T g , a more appropriate and efficient set of force chains or granular skeletons is instantly re-selected to establish a stable stress state. During this adjustment process, some elastic stress and strain will be converted into disordered kinetic energy w g and further dissipated.
• α ijlk represents the contribution of elastic stress in the contact area A g to the apparent stress A. According to the effective stress definition,
, ρ lp is the random loose packing density. Meanwhile, the contact deformations around the contact points contribute only a very small part to the total strain ε ij . Thus we have u ij = ε ij (1 − α ijlk ). Since α is introduced to denote the contributions of elastic stress and strain, no dissipation is produced; it would be automatically satisfied in the Onsager relations. • γ includes all of the contributions to heat production in the above processes due to surface friction and inelastic contacts during disordered particle motion. This dissipation exists at T g = 0; thus, T g is the driving force. γ can usually be simplified with a linear function, such as γ
Some of these quantities, such as entropy and its production, the transport processes, and the related dissipation flux are abstract and difficult to measure. As to the determination of these transport quantities, they must be found by careful observation of experimental data, trial and error, or more systematically through mesoscale considerations. The interaction laws would greatly affect these quantities. The normal Hertizan contact law for linear elastic isotropic spheres is theoretically accurate (but only for static cases, strictly speaking). There are serious lack of interaction laws for other contact conditions. In principle, all interaction laws must be physically based, and in majority cases, experimental testing has to be used to establish the required interaction laws for given granular particles (shape, size, surface roughness, material properties, etc.) and contact conditions (impact speed, applied forces, etc). The classic Column friction law is generally accepted for modelling sliding friction between two contacting surfaces. There are still outstanding issues about how to correctly model rolling and spinning friction for circular/spherical particles. Zhou 6 developed a theoretical model for the normal collision between softspheres on the basis of elastic loading of the Hertz contact for compression process and a nonlinear plastic unloading for restitution one, and the behaviors of perfect elastic, inelastic and perfect plastic collisions appearing in the classical mechanics are fully described for coefficient of restitution from zero to unity.
A triaxial compression test is a common method to measure the mechanical properties of granular materials. GSH theory was employed to evaluate the steadystate solution for energy dissipation R (see Eq. (7)). 7 In steady state, ∂ t Δ, ∂ t u q , v = 0; thus, κ g ik and β ik are not considered. γ simply equals to T g . The other parameters used are B = 7 GPa, ξ = 5/3, λ = 2 350(1 − ρ/ρ cp ), α s = α v = α = 0.7, λ 0 = λ/3.3, α 1 = 250(1 − ρ/ρ cp ), λ 1 = 0, ρ cp is the random close packing density. From  Fig. 3 , we can see that for the dense assembly, the entropy production rate, R, has a peak value at peak strength as ε = 3.8%, but for the loose assembly, R monotonically increases until the critical state.
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